Abstract. The first image under the flow of the restricted three-body problem of the p-q resonant strips -that appear in the study of the p-q resonant orbits -do not have, in general, intersection with the strip. In this paper we show some particular situations in which the above intersections exist for some very simple p-q resonant orbits which, at the same time, are periodic second species solutions.
Introduction
In this paper we will study the circular restricted three-body problem (RTBP) with the usual units of mass, length and time. E and M will denote the two primaries, with masses 1 − µ and µ, respectively. Since we will consider small values of µ, E will be referred as the big primary and M as the small one.
The p-q resonant orbits are trajectories of the infinitesimal body, P , which, between two consecutive close approaches to the small primary, perform p revolutions around E while M does q revolutions around the centre of masses of the primaries. More precisely, the time spent by these orbits after leaving the ball B (M, µ α ) in the configuration space, with centre at M and radius µ α , and returning for the first time to the same ball is
where p, q ∈ N are relatively prime, and δ are suitable constants and 2πτ is the period of the elliptic orbit which approaches the motion of P around E, neglecting the effects of M. In the above expressions α is a suitable small real parameter. A solution of the RTBP obtained gluing together several resonant orbits is called a consecutive quasi-collision orbit. These orbits are a generalization of the so-called orbits with consecutive collisions, which have been studied in Hénon (1968 Hénon ( , 1997 for the circular RTBP and in Gómez and Ollé (1986) for the elliptic case. An orbit of the RTBP, with µ = 0, is said to be of consecutive collisions if it meets M at two epochs, −τ and τ , as is shown in Figure 1 . When a consecutive quasi-collision orbit is periodic then, according to Poincaré (1899) , is called a second species solution (SSS). Orbits with consecutive collisions are the natural limit (when µ → 0) of second species solutions. The planar p-q resonant orbits have been first studied by Font et al. (2002) . They define the resonant strips as the set of initial conditions on B(M, µ α ) which correspond to p-q resonant orbits and study the behaviour of these strips, under the flow associated to the RTBP, in the following way: given an initial conditions on B(M, µ α ) they consider its image under the flow until the second intersection with the sphere (from the initial conditions until the first intersection, the orbit moves outside the sphere and from this point until the second intersection, inside it). The study of the map shows that, if the mass parameter µ is small enough, it behaves like a 'horseshoe'-map, so there exist infinitely many consecutive quasicollision periodic orbits (SSSs), corresponding to periodic sequences (p n , q n ) n∈Z . Nevertheless, from the numerical results of Font et al. (2002) it seems that, in general, the first image of a resonant strip under the composition of both maps, does not intersect the resonant strip; this should give the simplest SSSs of the RTBP. In the present study we will focus on this kind of solutions.
The interest in the study of this kind of solutions comes from their application to the design of spacecraft missions, since they can be used to reduce the orbit capture V (Yen, 1985) , and also because of their role as natural motion of comets. For example, the comet Oterma moves from a heliocentric orbit outside the orbit of Jupiter to an orbit inside that of Jupiter. The interior orbit is near a 3:2 resonance while the exterior orbit is near a 2:3 resonance, see Koon et al. (2001) . This process can be described as a hopping from one resonance to another as is discussed in Belbruno and Marsden (1997) .
The purpose of this paper is to study which p-q resonant orbits can be extended to periodic SSSs of the RTBP. For this goal we will use the analytic asymptotic approximations of the p-q resonant orbits obtained in Barrabés and Gómez (2002; 2003) for the three-dimensional RTBP, although we will focus our attention to the planar case. In order to obtain these approaches, we have studied the so-called out-map and in-map, which are defined as follows: consider initial conditions on B(M, µ α ) and the return map to the same sphere under the flow associated to the RTBP. The out-map is associated to follow the flow forwards (and far from the small primary) and the in-map to follow the flow backwards (inside B(M, µ α ) ). Using the analytical expansions (in powers of the mass parameter µ) of the outmap and in-map, and matching these expressions, a set of initial conditions of orbits that are close to periodic with an error of order µ 1−α , is obtained. These are the orbits that we will try to extend numerically to periodic orbits.
The paper is organized as follows: Section 2 is a short survey of the results related to the initial conditions of the 'periodic' orbits (up to µ 1−α order) under consideration. In Section 3 we give the results of the numerical explorations corresponding to the refinement of the initial conditions obtained in Section 2. Finally, in Section 4 we perform the numerical continuation (for µ > 0) of some families of orbits with consecutive collisions and identify the periodic orbits obtained in Section 3 on these families.
Initial Conditions of the p-q Resonant Orbits Close to SSS
Let r 0 = (x 0 , y 0 ) andṙ 0 = (ẋ 0 ,ẏ 0 ) be the initial conditions (without loss of generality we can suppose they are at epoch t = 0) of a planar p-q resonant orbit in a synodical reference system, in which M is located at r M = (µ − 1, 0). Let us suppose that P leaves a circle C of radius µ α around the small primary, M, moving away from it. The initial conditions can be written as
and they must verify the condition
which ensures that we are avoiding the tangent direction. For a fixed position on C, there are different velocities for which the orbit comes back to the same circle. Thus, we writeψ = ψ + ψµ α + O(µ 2α ) and condition (3) can be written as cos(ψ − θ), for some . Let (r e ,ṙ e ) be the image of (r 0 ,ṙ 0 ) under the out-map, this is, the position and velocity vectors obtained following the flow forward from the initial conditions until t = T (defined by (1)). Analogously, let (r i ,ṙ i ) be the image of (r 0 ,ṙ 0 ) by the in-map, this is, the position and velocity vectors obtained following the flow backward inside C until the orbit cross the circle again. An analytical developments for both maps can be given in terms of µ α (for the computation of both maps see Gómez (2002, 2003) . From the definition of a p-q resonant orbit and matching these expressions up to order µ α , we obtain conditions on θ, ψ, v and the corresponding Jacobi constant C J which ensure that the orbit is a p-q resonant orbit close to a SSS.
The restrictions are the following. For each p, q ∈ N relatively prime with p/q 2 √ 2, there is a family of p-q resonant orbits with the Jacobi constant, C J , within the interval
The value (p/q) 2/3 should be excluded from this interval because it corresponds to a collision orbit in the two-body problem. For each value of C J within the above set, there are two admissible values of the polar angle of the velocity, ψ, given by the relation
In Figure 2 we have represented some of the curves C J (ψ) defined by (5) for different values of p and q. As it can be seen, when p > q the curves are closed, while if p < q they are open. In all the cases they are symmetric with respect to the ψ = π/2 axis. Finally, for every admissible pair (C J , ψ), there exists one value for θ such that the initial conditions (2) satisfy the corresponding matching conditions: r e = r i anḋ r e =ṙ i . This value is the solution of the equation
such that cos(θ − ψ) > 0, in order to satisfy (3). Moreover, one can compute the total time required to come back close to the initial condition (2), which is
All these magnitudes, initial conditions and T , will be taken as a first approximation of the initial conditions and period of the periodic second species solutions close to p-q resonant orbits.
Numerical Refinement of the p-q Resonant Orbits
Using the initial conditions of the p-q resonant orbits given in the preceding section, we have proceeded to its numerical refinement in order to find periodic orbits. We have used a very small value of the mass ratio, µ = 10 −6 , in order to start with a good analytic approximation. According to Font et al. (2002) , only a very reduced subset of these orbits will be periodic, if we ask to the period to be close to the value of T given by (7). This is the reason why, in principle, we have just asked for periodicity in the configuration space, so, at the end of the integration there will be a small difference, v, between the initial and final velocities.
First of all, we will see that we can use the standard implicit function theorem in order to obtain periodic orbits in the configuration space. Let us see the equations involved. The first two equations come from the fact that we want a p-q resonant orbit so, from its definition, we have that
which can be expressed in terms of the initial conditions as follows:
The other two equations ensure the periodicity in the configuration space:
where r e = (x e , y e ) and r i = (x i , y i ), and they can be written as
Let us see that it will be enough to deal with f 1 = 0, f 2 = 0 and f 3 = 0. From the definition of the inner map, we have that
On the other hand, let ζ = (θ, ψ, ε − δ, δ) and 
and ψ and θ verifying (5) and (6). Next, the matrix of partial derivatives respect to ζ evaluated on these solutions is
where
and the determinant of the last three columns is equal to For the parametrisation of the p-q resonant families of orbits, we have used the Jacobi constant, taking into account the behaviour displayed in Figure 2 . As it can be seen, for each value of the Jacobi constant there are two admissible values of the polar angle in ψ ∈ (−π/2, 3π/2). According to this, we have divided each family in two parts: the left hand part, for ψ ∈ (−π/2, π/2) and the right hand part, for ψ ∈ (π/2, 3π/2).
In Figures 3 and 4 we have represented the results of the numerical refinements for three families: p-q = 1-2, 2-3 and 3-2. In all the figures we have represented the value of C J in the x-axis and the modulus of the residual velocity, v = (ẋ f −ẋ i ) 2 + (ẏ f −ẏ i ) 2 , in the y-axis. As it can be clearly seen, for all the families there are several isolated values of C J at which the value of v goes to zero. For these values of the Jacobi constant we have been able to find periodic orbits whose initial conditions are given in Tables I  and II . Some of these periodic orbits have been represented in Figures 5 and 6 , respectively. Next, there are several comments respect to the results obtained:
-We have used double precision to compute all the orbits and we have asked for periodicity with an error of 10 −11 . The integration was done using a RungeKutta-Fehlberg of order 7-8 and local truncating error less than 10 −13 . -The points marked on the C J (ψ) curves (Figure 2 ) are those for which he have found periodic orbits. For different admissible pairs p-q, the initial conditions, the Jacobi constant and the period of these orbits are in Tables I and  II . Some of these orbits are shown in Figures 5 and 6 . We have not included all the orbits because the orbit corresponding to a point on the right hand of the C J (ψ) curve and the orbit corresponding to a point on the left hand with the same value of the Jacobi constant looks like similar: one is a direct motion and the other is a retrograde motion. -For a fixed pair p-q we have found two kinds of orbits: orbits with an intermediate passage near the small primary between the two encounters that define the resonance, and orbits which do not approach the small primary apart from these two encounters. Although the first ones are obtained from initial conditions of p-q resonant orbits, they are not p-q resonant: when the third body meets M after leaving its neighbourhood, the small body has not complete q revolutions around the centre of masses of the two primaries. These orbits are marked in Figure 2 with crosses. The points marked by triangles in the figure correspond to orbits close to p-q resonant orbits. We can observe that they correspond to points near the maximum or the minimum value of the Jacobi constant for each p-q family: the values C J 1 and C J 2 defined in (4). -All the periodic orbits founded are symmetric respect to the synodical x axis.
In particular, the orbits close to a p-q resonance have a perpendicular cross with the horizontal axis near the small primary (see Figures 5 and 6) . The values of the Jacobi constant for these orbits are near the values C J i and, from (5), sin ψ = ±1, which impliesẋ 0 = 0. In Tables I and II , the initial conditions given do not coincide necessarily with the perpendicular cross.
Symmetric Periodic Second Species Solutions
As has been mentioned in Section 1, the SSSs have as natural limit, when µ → 0, the so called orbits with consecutive collisions (OCC). These families can be described analytically and used as generating families of SSS. A description of the families of arcs of consecutive collision can be founded in Bruno (1994) , as well as the families of periodic solutions generated by them. In this section we will extend numerically some families of symmetric OCC to a value of the mass parameter equal to 0.30401879 × 10 −5 − (Earth + Moon) − Sun mass ratio -which is very close to the one used in the preceding section 10 −6 . Hénon classifies the OCC in several families denoted by A 0 , A i , B i and C ij for i, j ∈ N and represents each family by its characteristic curve in the (τ/π, η/π ) plane, where τ is the true anomaly of P at the collision and η its eccentric anomaly at the same point (see Figures 1 and 7) . The families can be described as follows (see Hénon, 1968) :
-the family A 0 begins at some value of τ and it continues for values of τ growing up to ∞, while η/π 1.5. -in the families A i , for i ∈ N, τ decreases from ∞ to a minimal value near the intersection with the line τ = η, and then increases up to ∞ again. Each A i intersects with A i−1 and A i+1 . -the behaviour of the families B j are similar to the families A i , but each family only intersects with itself. -the families C ij are closed curves around the double point τ/π = i and η/π = j , for i, j such that 1 < j/i < 2 √ 2.
Here we will use the same notation both for the generating families and for their continuation for µ > 0. In this last situation we will denote them by A -the intersections between B j with itself for any j ∈ N, which occur at points (2k+1, j), for 2k + 1 >j and j odd and at points (2k, j ) for 2k >j and j even; -the intersections between C ij with itself, which occur at points (i, j ) for any i < j < 2 √ 2 i.
Consider a periodic p-q resonant orbit, so p, q ∈ N are relatively prime with p/q < 2 √ 2. When µ → 0, the generating orbit will be an orbit with consecutive collisions with mean motion p/q and semi-major axis (q/p) 2/3 . This implies that τ/π = q and η/π = p (between two consecutive collisions, M does q revolutions while P does p revolutions). So, the generating orbit will be represented by the point (q, p) in Hénon's diagram. On the other hand, and according to the above comments, the points (q, p) will correspond to bifurcation orbits. If q < p, then the point (q, p) will belong to the family C qp . If q > p, the point (q, p) will belong to the intersection between two families A's or between a family B with itself, depending on the parity of p and q as follows:
-if p is even and q is odd, or vice versa, then (q, p) will belong to A p−1 ∩ A p ; -if p and q are odd, then (q, p) will belong to B p ∩ B p . Now, let us consider any of the symmetric periodic orbits obtained in Section 3. We would like to identify the family of SSSs to which it belongs. The p and q resonance values give the two generating families whose intersection produces the bifurcation orbit. If p > q, then the generating orbit belongs to the C qp family, and the periodic orbit to C µ qp . If p < q and both are odd, then the generating orbit belongs to the family B p , so the periodic orbits will belong to B and −1.71 (see Table I ). As p = 1, then the generating orbit will be on the intersection between A 1 and A 0 at τ/π = q = 2. As we can see in Figure 9 the bifurcation at this point corresponds to values of C J near 3 for the family A µ 0 and to values of C J near −2 for the family A µ 1 . This allows us to identify the family corresponding to each orbit. -in the 2-3 resonance, we have found periodic orbits for values of C J near 2.99 and −0.39 (Table I) . As p = 2 and q = 3, then the generating orbit will be on the intersection between A 2 and A 1 at τ/π = 3. Following the behaviour of the C J along each family, we can conclude that the p.o. with C J near 3 belongs to A µ 1 and the p.o. with C J negative, to the family A µ 2 . -in the 2-1 resonance, we have found periodic orbits for values of C J near 2.87 and 0.305 (Table II) . Both belong to C µ 12 family, and they correspond to the bifurcations showed in Figure 9 .
Conclusions
In this paper we have computed planar SSSs of the RTBP which, at the same time, are of a rather special kind of periodic p-q resonant orbits. When the resulting orbits are symmetric, the corresponding generating OCC have been identified. Some bifurcation diagrams, associated with the families of OCC: A 0 , A 1 , B 0 , B 1 and C 12 , are also given.
